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Abstract. Strong convergence of a new iterative process based on the Shrinking 
projection method to a common element of the set of common fixed points of an 
infinite family of relatively quasi-nonexpansive multivalued mappings and the solution 
set of an equilibrium problem in a Banach space is established. Our results improved 
and extend the corresponding results announced by many others. 
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A nonempty subset C of a Banach space E is called proximinal if for each x G E, 



|| x — y ||= dist(x, C) = inf{\\ x — z ||: z G C}. 

We denote by N(C), CB(C) and P{C) the collection of all nonempty subsets, nonempty 
closed bounded subsets and nonempty proximinal bounded subsets of C, respectively. 
The Hausdorff metric H on CB(C) is defined by 

H(A, B) := max{sup dist(x, B), sup dist(y, A)}, 

x£A y£B 

for all A, Be CB{C). 

Let T : E — > N(E) be a multivalued mapping. An element x G E is said to be a fixed 
point of T, if x G Tx. The set of fixed points of T will be denoted by F(T). 

Definition 1.1. A multivalued mapping T : E — > CB(E) is called 
(i) nonexpansive if 

H(Tx, Ty) < || x — y \\, x,y G E. 



Young Researchers Club, Babol Branch, Islamic Azad University, Babol, Iran. 
Email: mhmdeslamian@gmail.com. 

1 



2 M. ESLAMIAN 

(ii) quasi-nonexpansive if 

F(T)^0 and H(Tx, Tp) < \\x - p\\, x G E, p e F(T). 

The theory of multivalued mappings has applications in control theory, convex op- 
timization, differential equations and economics. Theory of nonexpansive multivalued 
mappings is harder than the corresponding theory of nonexpansive single valued map- 
pings. Different iterative processes have been used to approximate fixed points of mul- 
tivalued nonexpansive mappings (see [1-7]). 

Let E be a real Banach space and let E* be the dual space of E. Let C be a closed 
convex subset of E. Let F be a bifunction from C x C into R, where 1R is the set of 
real numbers. The equilibrium problem for F : C x C — > K is to find x G C such that 

F(x,y)>0, VyGC. 

The set of solutions is denoted by EP(F). Equilibrium problems, have had a great 
impact and influence in the development of several branches of pure and applied sciences. 
Numerous problems in physics, optimization and economics reduce to finding a solution 
of the equilibrium problem . Some methods have been proposed to solve the equilibrium 
problem in a Hilbert space. See [8-10]. 

Let E be a real Banach space with norm |.| and let J be the normalized duality 
mapping from E into 2 E * given by 

Jx = {x* G E* : (x,x*) = \\x\\\\x*\\, \\x\\ = \\x*\\} 

for all x G E, where E* denotes the dual space of E and (., .) the generalized duality 
pairing between E and E* . As we all know that if C is a nonempty closed convex subset 
of a Hilbert space H and Pc : H — > C is the metric projection of H onto C, then 
Pc is nonexpansive. This fact actually characterizes Hilbert spaces and consequently, it 
is not available in more general Banach spaces. In this connection, Alber [11] recently 
introduced a generalized projection operator E* in a smooth Banach space E which is 
an analogue of the metric projection in Hilbert spaces. Consider the functional defined 
by 

(f>(x,y) = \\x\\ 2 - 2(x, Jy) + ||y|| 2 , x,y G E. 

Observe that, in a Hilbert space H, <p(x, y) reduces to \\x — y\\ 2 . The generalized projec- 
tion He : E — > C is a map that assigns to an arbitrary point x G E the minimum point 
of the functional 4>(x, y) that is, Tlc% = where x is the solution to the minimization 
problem 

(f)(x, x) = inf <p(y, x) 
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The existence and uniqueness of the operator He follows from the properties of the 
functional 4>(x,y) and strict monotonicity of the mapping J (see, for example, [11, 12, 
13]). In Hilbert spaces, He = Pq- It is obvious from the definition of function that 

(\\y\\ - IMI) 2 < (j>(x,y) < (\\y\\ + \\x\\) 2 Vx, y £ E. (1.1) 

Remark 1: If E is a reflexive, strictly convex and smooth Banach space, then for 
x,y £ E, <p(x, y) — if and only if x — y (see [13, 14]). 

Let C be a nonempty closed convex subset of a smooth, strictly convex and reflexive 
Banach space E, and let T be a mapping from C into itself. We denote by F(T) the set 
of fixed points of T. A point p £ C is said to be an asymptotic [15] fixed point of T, if C 

contains a sequence {x n } which converges weakly top such that lim n ¥oa \\x n — Tx n \\ = 0. 

The set of asymptotic fixed points of T will be denoted by F(T). A mapping T is said to 
be relatively nonexpansive [16, 17], if F(T) = F(T) and (f>(p, Tx) < <j)(p, x) for all x £ C 
and p £ F(T). T is said to be relatively quasi-nonexpansive ([18, 19]) if F(T) ^ 
and <j)(p,Tx) < <p(p,x) for all x £ C and p £ F(T). The class of relatively quasi- 
nonexpansive mappings is bigger than the class of relatively nonexpansive mappings 
which requires the strong restriction: F(T) = F(T). 

In the recent years, approximation of fixed points of relatively quasi-nonexpansive 
mappings by iteration has been studied by many authors, see [16-23]. 

Very recently, Eslamian and Abkar [7] introduce the relatively quasi-nonexpansive 
multivalued mapping as follows: 

Definition 1.2. Let C be a closed convex subset of a smooth Banach space E, and 
T : C — > N(C) be a multivalued mapping. We set 

$(Tx, Tp) = max{ sup inf 0(y, g), sup inf 4>(y,q)}. 

We call T is relatively quasi-nonexpansive multivalued mapping if F(T) ^ and 
§(Tx,Tp) < (f>(x,p), Vp£F(T), Vx£C. 

Remark : In a Hilbert space, Q(Tx,Ty) = H(Tx,Ty) 2 , and hence relatively quasi- 
nonexpansivness is equivalent to quasi-nonexpansivness. 

In [7] the author presented some example of relatively quasi-nonexpansive multivalued 
mapping. Another generalization of relatively nonexpansive mapping to multivalued 
mappings presented by Simin Homaeipour [24] as follows. 

Definition 1.3. Let C be a closed convex subset of a smooth Banach space E, and 
T : C — > N(C) be a multivalued mapping, T is called relatively nonexpansive mapping 
if the following conditions are satisfied: 
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(i) F(T) ± 0, 

(ii) cj)(p, z) < (j)(p, x) for all z G Tx, x G C and p G F(T), 

(iii) F(T) = F(T). 

In a Hilbert space if, condition (ii) is equivalent to 

lb- 4 < lb- VzGTx, VxGC, VpGF(T). 

Now if put if = M and Tx = [0, x], we observe that T is a nonexpansive multival- 
ued mapping but T is not relatively nonexpansive mapping. Hence in spite of single 
valued case, relatively nonexpansive multivalued mapping is not equivalent to quasi- 
nonexpansive multivalued mapping. 

Definition 1.4. A multivalued mapping T is called closed if x n — > w and lim n >OQ dist(x n , Tx n ) = 

0, then w G T(w). 

In [7], Eslamian and Abkar proved the following theorem. 

Theorem 1.5. Let E be a uniformly smooth and uniformly convex Banach space, and 
let C be a nonempty closed convex subset of E. Let F be a bifunction from C x C 
into M satisfying (Al) — (A4). Let : C — > P{C), i = 1,2, m, be a finite family of 
multivalued mappings such that P?. is closed and relatively quasi-nonexpansive. Assume 
that T = Di^i F{Ti) f)EP(f) F° r G C and Co = C , let {x n } be a sequences 
generated by the following algorithm: 

Vn,i = J' 1 ^ ~ a n ,i)Jxn + a n ,iJz n ,i), 

Un,2 = "f _1 ((l - a n ,2)Jx n + a n ,2JZn,2), 
< yn,m J ((1 Q J n,m)J-En ^n,mJZn,m)t 

u n eC such that f(u n ,y) + ±{y - u n , Ju n - Jy n . m ) > 0, My e C, 

C n+ i = {z eC n : (f)(z,u n ) < 4>(z,x n )}, 

x n +i = Uc n+1 x o, > 

where z n> i G Ptx^u an d z n ^ G i"Tj2/n,i-i f or i — 2, ...,m and J is the duality mapping 
on E. Assume that YLu= i a n,i — 1> { a n.i} G [a,b] C (0,1) and {r n } C [c, oo) for some 
c > 0. Suppose that Pt { is uniformly continuous with respect to the Hausdorff metric 
for i — 2,3, ...,m. Then {x n } converges strongly to ITj-xq- 

In this paper, we introduce a new shirking projection algorithm for finding a common 
element of the set of common fixed points of an infinite family of relatively quasi- 
nonexpansive multivalued mappings and the set of solutions of an equilibrium problem in 



CONVERGENCE THEOREM FOR MULTIVALUED MAPPINGS AND EQUILIBRIUM PROBLEM 5 

uniformly smooth and uniformly convex Banach spaces. Strong convergence to common 
elements of two set is established. Our results improved and extend the corresponding 
results announced by many others. 

2. PRELIMINARIES 

A Banach space E is said to be strictly convex if || || < 1 for all x,y G E with ||x|| = 

= 1 and x ^ y . It said to be uniformly convex if lim n ^ \\x n — y n \\ = for any two 

sequences {x n } and {y n } in E such that ||x n || = ||y n || = 1 and lim n >00 || Xn + Vn || = 1. 

Let U = {x G E : \\x\\ = 1} be the unit sphere of E. Then the Banach space E is said 
to be smooth provided 

. Ilx + ty\\ — \\x\\ 
hm 



t — >o t 

exists for each x,y G U. It is also said to be uniformly smooth if the limit is attained 
uniformly for x, y G E. It is well known that if E* is uniformly convex, then J is 
uniformly continuous on bounded subsets of E. 

Lemma 2.1. ([ 1 2]) Let E be a uniformly convex and smooth Banach space and let {x n } 
and {y n } be two sequences in E. If <j)(x n ,y n ) — > and either {x n } or {y n } is bounded, 
then x n — y n — > 0. 

Lemma 2.2. ([ \ 1]) Let C be a nonempty closed convex subset of a smooth Banach space 
E and x G E. Then x = ILjx if and only if 

(xo — y, Jx — Jxq) > 0, \/y G C. 

Lemma 2.3. ([. '.]) Let E be a reflexive, strictly convex and smooth Banach space. Let 
C be a nonempty closed convex subset of E and let x G E. Then 

<i>{y,Rcx) + 0(n c x,x) < <f>(y,x), VyeC. 

Lemma 2.4. ( [25],) Let E be a uniformly convex Banach space and let B r (0) = {x G 
E :|| x || < r}, for r > 0. Then, for any given sequence {x n }^ =l C B r (0) and for any 
given sequence {a™}^^ of positive numbers with Y2^=i a n = 1 there exists a continuous, 
strictly increasing and convex function g : [0, oo) — > [0, oo) with g(0) = such that 
that for any positive integers i,j with i < j , 



Xj\ 



| ^ ^ Cl n X n || ^ ^ ^ Q"a || %n || Q'i'^jfl'dl^i 

71=1 71=1 

For solving the equilibrium problem, we assume that the bifunction F satisfies the 
following conditions: 

(Al) F(x, x) = for all x G C, 
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(A2) F is monotone, i.e. F(x, y) + F(y, x) < for any ijfC, 
(A3) F is upper-hemicontinuous, i.e. for each x,y, z G C, 

limsup F(tz + (1 — y) < y) 

(A4) F(x, .) is convex and lower semicontinuous for each x G C. 
The following lemma was proved in [8]. 

Lemma 2.5. Let C be a nonempty closed convex subset of a smooth, strictly convex, and 
reflexive Banach space E , let F be a bifunction of C x C into R satisfying (Al) — (A4). 
Let r > and x G E. Then, there exists z G C such that 

F(z,y) + -{y - z,Jz - Jx) >0 \/y G C. 

The following lemma was given in [22]. 

Lemma 2.6. Let C be a nonempty closed convex subset of a smooth, strictly convex, and 
reflexive Banach space E , let F be a bifunction of C x C into R satisfying {Al) — (A4). 
Let r > and x G E. define a mapping T r : E — > C as follows: 

S T x = {zeC : F(z,y) + ~(y-z,Jz - Jx) > 0,Wy G C}. 

r 

Then, the following hold: 

(i) S r is single valued; 

(ii) S r is firmly nonexpansive-type mapping, i.e., for any x,y G E, 

(S r x — S r y, JS r x — JS r y) < (S r x — S r y, Jx — Jy); 

(iii) F(S r ) = EP(F); 

(iv) EP(F) is closed and convex. 

Lemma 2.7. ([22]) Let C be a nonempty closed convex subset of a smooth, strictly 
convex, and reflexive Banach space E, let F be a bifunction of C x C into R satisfying 
(Al) — (A4), and let r > 0. Then for all x G E and q G F(S r ), 

4>(q, S r x) + 4>(S r x, x) < (f)(q, x). 

Lemma 2.8. [7] Let C be a nonempty closed convex subset of a uniformly convex and 
smooth Banach space E. Suppose T : C — > P{C) is a multivalued mapping such that 
Pt is a relatively quasi-nonexpansive multivalued mapping where 

Pt{x) = {y G Tx : \\x — y\\ = dist(x,Tx)}. 

If F{T) 7^ 0, then F(T) is closed and convex. 
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3. Main Result 

In this section, we prove strong convergence theorems for finding a common element 
of the set of solutions for an equilibrium problem and the set of fixed points of an infinite 
family of relatively quasi- nonexpansive multivalued mappings in a Banach space. 

Theorem 3.1. Let E be a uniformly smooth and uniformly convex Banach space, and 
let C be a nonempty closed convex subset of E. Let F be a bifunction from C xC into R 
satisfying (Al) — (A4). LetTi : C — > N(C), be a sequence of multivalued mappings such 
that for each i G N, Pr t is closed relatively quasi- nonexpansive multivalued mappings 
and F = f > \°^ 1 F(Ti) f)EP(F) ^ 0. For x G C and Co = C, let {x n } be a sequence 
generated by the following algorithm: 

Vn J (Q'n.oJ-En ~l~ ^'-1 ^n.i^n.i)) 

u n eC : F(u n ,y) + ±{y - u n , Ju n - Jy n ) > 0, Wy G C, 

C n +i = {z eC n : <f)(z,u n ) < 4>(z,x n )}, 

x n+ i = Uc n+1 x o, Wn>0, 

where Y^iLo a n,i — 1 an d z n,i G Pt^u- Assume further that liminf n a nj o a n> i > 0, {r n } C 
(0,oo) and liminf n r n > 0. Then {x n } converges strongly to Hj^x , where II j- is the 
projection of E onto F '. 

Proof. First, we show by induction that F = (H^i ^X^i)) D EP(F) C C n for all n > 0. 
From Co = C, we have F C Co. We suppose that F C C n for some n > 0. Let u G F, 
then we have P^u — {u}, (i EN). Since S rn and T, are relatively quasi- nonexpansive, 
we have 

oo 

<t>(u, u n ) = (f)(u, S rn y n ) < 4>(u, y n ) = <t>(u, J _1 (a n>0 «Mi + ^ a n ,iJz n ,i)) 

i=l 

oo oo 
2 ("U, a n fiJ ■En ^ ^ Q"n,iJ Zn,i) || Q"nfiJ%n ^ ^ ^n,j ^n,i I 



\U\\ 

i=l t=l 



oo oo 



< || u || 2 - 2a nfi (u, Jx n ) - 2 ^2 



"n,i\\^n,t | 

i=l i=l 



= a nfi (f)(u, X n ) + ^ a n,i4>{u, Z n ,i) 
i=l 

oo 

= a n . (fi(u, x n ) + a n ,i inf <p(u, z n ^ 

i=l 

oo 

< a n , <f>{u, x n ) + a nii $(P T .tt, P Tl ^n) 
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CO 

< a nfi (j)(u, X n ) + ^ a n,i4>{U-, X n ) = (f>(u, X n ), 
i=l 

which implies that u G C n +i- Hence 

oo 

T = f] F(Ti) p| EP(F) C C n , Vn > 0. 

i=l 

We observe that C n is closed and convex (see [21, 22]). From x n = Uc n x 0y we have 

(x n — z, Jxq — Jx n ) > 0, Wz G C n . (3.1) 

Since J 7 C C n for all n > 0, we obtain that 

(x n — u, Jxq — Jx n ) > Vn G T . 

From Lemma 2.3 we have 

(f)(x n ,x ) = (p(n Cn x ,x ) < <f>(u,x ) - (p(u,U Cn x ) < <f){u,x ) 

for all u G T C C n . Then the sequence 0(x n ,xo) is bounded. Thus {x n } is bounded. 
From x n = ^c n x o an d x n +i G C n+ i C C n we have 

0(x n , x ) < 4>(x n+ i, x ), Mn > 0. 

Therefore {(f)(x n ,xo)} is nondecreasing. So the limit of {0(x n ,xo)} exists. By the 
construction of C n for any positive integer m > n we have 

= n^xg G C m C C n . 

It follows that 

4>{x m ,x n ) = (f)(x m ,Ilc n X ) 

< 0(x m ,X O ) - 0(Ilc7 n Xo,Xo) 

= 4>(x m ,x ) - (f)(x n ,x ). 

Letting m, n — > oo we have 

lim <j)(x m ,x n ) = 0. (3.2) 

n — >oo 

It follows from Lemma 2.1 that x m — x n — > as m, n — > oo. Hence {x n } is a Cauchy 
sequence. Since C is closed and convex subset of Banach space E, we can assume that 
x n — > z as n — > oo. Next we show z G Hi^i -^(^)- taking m = n + 1 in (3.2) we 
get 

lim (j)(x n+1 ,x n ) = 0. (3.3) 
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It follows from Lemma 2.1 that 

lim \\x n+1 - x n \\ = 0. (3.4) 

n — s-oo 

From x n+ i = n Cn+1 x G C n+1 , we have 

4>(x n+1 ,u n ) < <f){x n+1 , x n ), n> 0, 

it follows from (3.3) that 

lim (f)(x n+1 ,u n ) = 0. 

n — >oo 

By Lemma 2.1 we have 

lim ||x n+ i - u n \\ = 0. (3.5) 

n — s-oo 

Combining (3.4) with (3.5) one see 

lim ||x n -u„||< lim (\\x n+1 - x n \\ + \\x n+1 - u n \\) = 0. (3.6) 

n — >oo n — >oo 

It follows from x n — > z as n — > oo that u n — > z as n — > oo. Since J is uniformly 
norm-to-norm continuous on bounded sets and lim n yoo \\x n — u n \\ = 0, we have 

lim \\Jx n — Ju n \\ = 0. (3.7) 

n — ^oo 

We show that {z n ^} is bounded for i G N. Indeed, for u G J 7 we have 

(\\z n ,i\\ ~ \\u\\) 2 < <l>(Zn,i,u) < <j>{x n ,u) < {\\x n \\ + ||w||) 2 . 

Since {x n } is bounded, we obtain {z nti } is bounded for i G N. Let 

r = sup n > {\\x n \\, \\zn t i\\ : i G N}. 

Since E is a uniformly smooth Banach space, we know that E* is a uniformly convex 
Banach space. Therefore from Lemma 2.4 there exists a continuous strictly increasing, 
and convex function g with g(0) = such that 

<f)(u, u n ) = 4>(u, T rn y n ) < 4>(u, y n ) 

oo 

= (f)(u, J~ l (a nfi Jx Tl + ^ a n,iJZn,i)) 

i=l 

oo oo 

= || U || 2 — 2(li, a n0 Jx n + On,i«^ ^riji) + || a n,0<^ x n + a ri.,i^n,i|| 2 

i=l i=l 

oo oo 

< ||u|| 2 -2a„ i0 (w, Jx n )-2y^ y a n>i (u, Jz nti )+a nfi \\x n \\ 2 +^a n ^\\z n)i \\ 2 -a nfi a n:i g(\\Jx n -Jz n 

i=l i=l 
oo 

= a nfi (j){u,x n ) + ^ a n>i (f)(u, z nt i) - a n>0 a nti g(\\ Jx n - Jz n ^\\) 
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oo 

< a nfi (j)(u,x n ) + a n) i$(P Ti u, PTjXn) - a nj0 a n)i g(\\ 

i=i 

oo 

< a n)0 <f>(u,x n ) +^2a n>i (f)(u,x n ) - a nfi a n)i g(\\Jx n - Jz n ^\\) 
i=i 

< (f)(u,x n ) - a nfi a n ^g(\\Jx n - Jz nji \\). (3.8) 

It follow that 

(|| Jx n - Jz nti \\) < (j)(u,x n ) - (/)(u,u n ) n>0. (3.9) 

On the other hand 

(j)(u,x n ) - 4>{u,u n ) = \\x n \\ 2 - \\u n \\ 2 - 2{u, Jx n - Ju n ) 

< | ||x n || 2 - ||u n || 2 | + 2|(u, Jx n - Ju n ) \ 

< | ||z n || - IKH |(||Zn|| + \Wn\\) + 2\\u\\\\Jx n - Ju n \\ 

< \\x n - M n ||(||x n || + ||M n ||) + 2||m|||| Jx n - Ju n \\. 

It follows from (3.6) and (3.7) that 

lim (0(m,x„) — <p(u,u n )) = 0. (3.10) 

n — >oo 

Using (3.9) and by assumption that liminf a n fla n> i > we have that 

lim g(\\Jx n - Jz nji \\) = 0, (zeN). 

n — >oo 

Therefore from the property of g , we have 

lim || Jx n — Jz nt i\\ =0, (j 6 N). 

n — >-oo 

Since J~ x is uniformly norm-to-norm continuous on bounded set, we have 

lim \\x n - z ni \\ = 0, 

n — >oo 

this implies that 

lim dist(x n , PTiXn) < lim \\x n — z n ^\\ =0, (i G N). 



n — >oo 

\<X> 



Now by closedness of Pj> t we obtain that z G By similar argument as in [21] 

(see also[22]) we obtain that z G EP(F). Therefore z G T . Finally we prove z = Hj^x . 
By taking limit in (3.1) we have 

(z — u, Jxo — Jz) > 0, Vii G T . 

Hence by Lemma 2.2 we have z = Hj^Xq, which complete the proof. □ 
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By similar argument as in the proof of Theorem 3.1, we can prove the following 
theorem. 

Theorem 3.2. Let E be a uniformly smooth and uniformly convex Banach space, and 
let C be a nonempty closed convex subset of E. Let F be a bifunction from C x C 
into R satisfying (Al) — (AA). Let : C — > N(C), be a sequence of closed relatively 
quasi-nonexpansive multivalued mappings such that J 7 = Hi^i F(Ti) f)EP(F) ^ and 
for all p G T , Ti(p) = {p}. For xo £ C and Co = C, let {x n } be a sequence generated 
by the following algorithm: 

Vn J iflnfiJ^n ^_Ji = l Q<n,iJ Zn,i)i 

u n eC : F(u n , y) + ±(y- u n , Ju n - Jy n ) > 0, My G C, 

C n+ i = {z EC n : <fi(z,u n ) < <f)(z,x n )}, 

x n +i = Uc n+1 x > Vn>0, 

where YHLo a n,i = 1 and z n ^ G TiX n . Assume further that lim inf n a n fla n ^ > 0, {r n } C 
(0, oo) and liminf n r n > 0. Then {x n } converges strongly to Uj^x , where II j- is the 
projection of E onto T ' . 

As a result for single valued mappings we obtain the following theorem. 

Theorem 3.3. Let E be a uniformly smooth and uniformly convex Banach space, and 
let C be a nonempty closed convex subset of E. Let F be a bifunction from C x C 
into R satisfying (Al) — (A4). Let Let Ti : C — > C, be a sequence of closed relatively 
quasi-nonexpansive mappings such that T = f] c *L 1 F(Ti)(~)EP(F) ^ . For xq G C 
and Co = C, let {x n } be a sequence generated by the following algorithm: 

u n eC : F(u n ,y) + ±{y - u n , Ju n - Jy n ) > 0, My G C, 

C n+1 = {z G C n : <fr(z,u n ) < (j)(z,x n )}, 

x n+1 = Uc n+1 x > Vn>0, 

where Yl'iLo a n,i — 1. Assume further that lim inf „ a^o^i > 0, {r n } C (0, oo) and 
liminf n r n > 0. Then {x n } converges strongly to Tl^Xo, where Ujr is the projection of 
E onto J 7 . 

Remark : Our main result generalize the result of Eslamian and Abkar [7] of a finite 
family of multivalued mappings to an infinite family of multivalued mappings. We also 
remove the uniformly continuity of the mappings. 
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4. Some Applications to Hilbert Spaces 



In the Hilbert space setting, we have 

(f>(x, y) = \\x — y\\ 2 , <&{Tx,Ty) = H{Tx,Ty) 2 Vx, y E H. 

Therefore 

$(Tx, Tp) < 4>(x,p) <^ H(Tx, Tp) < \\x — p\\ 

for every x G C and p G F(T). We note that in a Hilbert space H, J is the identity 
operator. 

Theorem 4.1. Let C be a nonempty closed convex subset of a real Hilbert space H . 
Let F be a bifunction from C x C into M. satisfying (Al) — (A4). Let T{ : C — > P{C), 
i eN be a sequence of multivalued mappings such that P^ is closed quasi- nonexpansive. 
Assume that F = f\=i F{Ti)C]EP(F) ^ 0. For x G C and C = C, let {x n } be a 
sequences generated by the following algorithm: 

u n G C such that F(u n ,y) + ±{y - u n ,u n - y n ) > 0; My e C, 
C n+ i = {z e C n : \\z - u n \\ < \\z - x n ||}, 
x n+ i = P Cn+1 x, \/n > 

where J^ ar M = ^ an< ^ z n,i ^ Pt^u- Assume further that lim inf n a n $a n ^ > and 
{r n } C [a, oo) for some a > 0. Then {x n } converges strongly to P^x . 

Remark : Theorem 4.1 holds if we assume that Tj is closed quasi- nonexpansive multi- 
valued mapping and = {p} for all p G F . 
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